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Abstract
Let f :Fg → Fg denote a periodic self map of minimal period m on the orientable surface of
genus g with g > 1. We study the calculation of the Nielsen periodic numbers NPn(f ) and NΦn(f ).
Unlike the general situation of arbitrary maps on such surfaces, strong geometric results of Jiang and
Guo allow for straightforward calculations when n = m. However, determining NPm(f ) involves
some surprises. Because fm = idFg , fm has one Nielsen class Em. This class is essential because
L(idFg ) = χ(Fg) = 2 − 2g = 0. If there exists k < m with L(f k) = 0 then Em reduces to the es-
sential fixed points of f k . There are maps g (we call them minLef maps) for which L(gk) = 0 for
all k < m. We show that the period of any minLef map must always divide 2g − 2. We prove that
for such maps Em reduces algebraically iff it reduces geometrically. This result eliminates one of
the most difficult problems in calculating the Nielsen periodic point numbers and gives a complete
trichotomy (non-minLef, reducible minLef, and irreducible minLef) for periodic maps on Fg .
We prove that reducible minLef maps must have even period. For each of the three types of periodic
maps we exhibit an example f and calculate both NPn(f ) and NΦn(f ) for all n. The example of
an irreducible minLef map is on F4 and is of maximal period 6. The example of a non-minLef map
is on F2 and has maximal period 12 on F2. It is defined geometrically by Wang, and we provide
the induced homomorphism and analyze it. The example of an irreducible minLef map is a map of
period 6 on F4 defined by Yang. No algebraic analysis is necessary to prove that this last example is
an irreducible minLef map. We explore the algebra involved because it is intriguing in its own right.
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Using these examples we disprove the conjecture from the conclusion of our previous paper.
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1. Introduction
When calculating the Nielsen number and Nielsen periodic numbers on surfaces, the
primary stumbling block is the need to distinguish Reidemeister classes in the Reide-
meister trace. For the periodic numbers, we must first distinguish classes for reducing
the Reidemeister trace and later for determining algebraic change-of-level equivalences
and algebraic orbits. Compared with the periodic Nielsen theory of other spaces such as
nil and solvmanifolds, the paper [8] shows how complicated such calculations can be for
arbitrary maps on closed orientable surfaces. In contrast to that general exploration we ex-
amine this theory in the special case of periodic maps and show that it is significantly more
tractable. Because a result of Thurston says that all homeomorphisms on surfaces can be
divided into three types: periodic, pseudo-Anosov, and reducible, this paper represents a
first step in considering the algebraic Nielsen periodic point theory of all homeomorphisms
of surfaces.
Unless stated otherwise, the following notation and conventions will apply throughout
the paper. Let Fg be the closed orientable surface of genus g, and let f :Fg → Fg be a
periodic map of period m (by this we mean that m is the minimal period). For any n, f n
denotes the nth iterate, or n-fold composition of f with itself. For each n, we let fix(f n)
denote the set {x ∈ Fg: f n(x) = x}. For background on the Nielsen number N(f ), which
is a lower bound for min{|fix(g)|: g  f }, see [2,14,16]. As usual, L(f ) is the Lefschetz
number of the map f . Let Pern(f ) = {x ∈ Fg: f n(x) = x and n is minimal}. The Nielsen
periodic point numbers, NPn(f ) and NΦn(f ), are lower bounds for min{|Pern(g)|: g  f }
and for min{|fix(gn)|: g  f }, respectively. See [8,12–14].
Throughout this paper we require that f is itself a periodic function rather than requiring
that the homotopy class of f contain a periodic map. Thus we can use the following facts
concerning the Nielsen periodic point numbers of a periodic map f :X → X with period
m, with X any space on which Nielsen fixed point theory is defined:
(1) Because every point of X is a fixed point of fm = idX , NPk(f ) = 0 whenever k does
not divide m or k >m.
(2) The entire space X is a Nielsen class of fixed points for fm. We call this class the
Euler class Em. The index of the Euler class is L(f m) = L(idX) = χ(X).
(3) Suppose that k < m. We have that fix(f k) ⊆ X = fix(f m). Thus fix(f k) = ∅ implies
that k|m. Because every Nielsen class of f k is contained in Em, we see that Em reduces
geometrically to each fixed point of each lower iterate.
(4) If  ≡ k(mod m), then f  = f k and N(f ) = N(f k). In fact, NΦ(f ) = NΦk(f ).
This is because fixed points occur only for f q with q|m, and when q|m we have that
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the same fixed points are counted in the same way.
We consider here the orientable closed surface Fg with g > 1. For m > 1 and f ori-
entation preserving of period m, Jiang and Guo prove in [15] that each fixed point of
f is isolated with index +1 and that each essential Nielsen class represents exactly one
fixed point. The same is true for f k when m  k. They also prove for f orientation re-
versing that fixed points of f (and of odd iterates of f ) occur only in inessential circles.
Thus for k < m we have N(f k) = L(f k), and when f is orientation preserving we have
N(f k) = |fix(f k)|. Therefore for every iterate of f each essential Nielsen class consists
of a single fixed point. This fact simplifies calculations of the Nielsen periodic classes
significantly.
In Section 4 we prove Theorem 1.1, which for our setting eliminates one of the most dif-
ficult problems in calculating Nielsen periodic point numbers. Let [W ]m be the (algebraic)
Reidemeister class that represents the (geometric) Nielsen class Em. As we have remarked,
fix(f k) = ∅ for some k < m implies that Em reduces. This in turn implies that [W ]m re-
duces. Our theorem is the converse. The proof uses a generalization of a construction of
Wang in [18]. This construction involves the orbit space determined by the free periodic
action of f on Fg when the first m− 1 iterates of f are fixed point free.
Theorem 1.1. For g > 1, let f :Fg → Fg be a periodic map of period m with geometric
Euler class Em represented by the Reidemeister class [W ]m. Then Em reduces if and only
if [W ]m reduces. If Em reduces, then NPm(f ) = 0. Otherwise, NPm(f ) = m.
Remark 1.2. We see in this theorem the advantage of periodic point theory over ordinary
fixed point theory. If Em is irreducible, then N(fm) = 1. But in fact there are at least m pe-
riodic points of minimal period m for any g  f , and this fact is reflected in NΦm(f ) = m.
The result presented above is in stark contrast to some of the strange behavior that we
observed for non-periodic maps on Fg in [8]. In general, determining whether essential
algebraic classes reduce can be quite difficult because it is possible for an algebraic class
to reduce to an inessential algebraic class that does not represent any fixed points. In the
conclusion of [8] we conjectured that for homeomorphisms on a surface of non-positive
Euler characteristic we would have N(fm) = NΦm(f ) whenever N(fm) = 0. However,
Theorem 1.1 disproves the conjecture. For if f has period m, then f m is the identity. Then
N(f m) = 1 while NΦm(f ) is often larger.
For the space Fg with g > 1, the Euler class Em has index 2 − 2g and so is essential.
In order to find NPm(f ) and NΦm(f ) we need to know whether Em and its algebraic
Reidemeister class reduce to a lower iterate. Using Theorem 1.1, we know that the only
way for Em to be irreducible is for fix(f k) = ∅ for all k|m. This leads us to the following
definition. A periodic map f of period m is a minLef map (for minimum Lefschetz number
map) if for each n <m we have L(f n) = 0.
We say that a minLef map f of period m is a reducible (irreducible) minLef map if the
Euler class is reducible (irreducible). Thus we have the following natural trichotomy.
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following is true:
(1) The map f is a reducible minLef map, and thus Em reduces inessentially.
For n < m we have N(f n) = L(f n) = 0, and there must be an inessential Nielsen
class for f m/2 to which the Euler class reduces. Thus m must be even, and we have
NPm(f ) = 0 and NΦm(f ) = m/2.
(2) The map f is an irreducible minLef map, and thus Em is irreducible.
For n < m we have fix(f n) = ∅, N(f n) = L(f n) = 0, and NPn(f ) = NΦn(f ) = 0.
At level m we have NPm(f ) = NΦm(f ) = m.
(3) The map f is not a minLef map, and thus Em reduces essentially. (Section 2 contains
an example of maximal period on F2.) See Theorem 1.5 for formulas that give the
Nielsen periodic point numbers for this case.
Remark 1.4. In Section 6, we provide a class of examples of reducible minLef maps as
well as an example of an irreducible minLef map with maximal period. An example of a
non-minLef map on F2 that has maximal period is presented in Section 2.
The first section of the theorem above disproves other parts of the conjecture in [8] for
homeomorphisms, which proposes that NΦk(f ) =∑n|k NPn(f ). For a minLef map with
Em reducible, all the NPn(f ) are zero while NΦm(f ) = m/2. The conjecture also claimed
that any essential Reidemeister class [α]n has exactly one essential root. (A root of [α]n
is an irreducible class at some level k that is sent by ιk,n to [α]n.) This theorem allows
us to disprove this claim. The Reidemeister class for Em is essential for g > 1, and for a
reducible minLef map it has no essential roots. In our example of a non-minLef map we
see that the Reidemeister class for Em has more than one essential root. As far as we know,
the conjecture might be true for non-periodic homeomorphisms.
For non-minLef maps the following result, proven in Section 3, shows that when cal-
culating NPn(f ) and NΦn(f ) the usual formulas and techniques for counting fixed points
apply (see [10,11]). These formulas do not hold for minLef maps.
Theorem 1.5. Let f be a periodic map of period m on Fg , for g > 1, and suppose that f
is not a minLef map. Then we conclude the following:
(1) Because f is a non-minLef map, we have NPm(f ) = 0.
(2) We can calculate NPk(f ) directly for each k <m. Then we can find NΦn(f ) for nm
using the formula NΦn(f ) =∑k|n NPk(f ).
(3) Alternatively, for n <m we have N(f n) = L(f n) = NΦn(f ). Using Möbius inversion
as in [12], we can find NPn(f ) using the equation below. Let p(n) be the set of prime
divisors of n. For any non-empty subset τ of p(n), let n : τ be n divided by all the
primes in τ . Then we have that
NPn(f ) =
∑
∅=τ⊆p(n)
(−1)|τ |NΦn:τ (f ).
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integer such that two conditions hold. Firstly, for every self-homeomorphism h on Fg , at
least one of the iterates h1, h2, . . . , hh(F ) must have a fixed point. Secondly, there must be
an orientation reversing periodic map f on Fg so that each of f 1, f 2, . . . , f h(F )−1 is fixed
point free. Wang shows that h(F2) = 4 and that, for g > 2, h(Fg) = 2g − 2. For g = 2 and
for all odd g, this general construction involves periodic maps with period m > 2g − 2.
Therefore, Theorem 1.7 below guarantees that such maps will never be minLef maps. In
its proof, in Section 5, we use the techniques of Chas in [3].
Theorem 1.7. The period of a minLef map f :Fg → Fg (with g > 1) must divide 2g − 2.
Also, if f is a reducible minLef map, then its order must be even.
This result puts severe restrictions on the type of periods possible for minLef maps and
shows that Example 3 in Section 6, an irreducible minLef map on F4, has the maximum
possible period of 6.
We present an example of each type of map described in Theorem 1.3. For all three
examples we determine the values of all of the Nielsen periodic point numbers for iterates
f k with k m using either Theorem 1.3 or algebraic techniques as described in Section 2.
Example 1, in Section 2, is an example of a map that is not a minLef map. The map has
period 12 and is defined by Wang in [17] using a combination of rotations and reflections
on F2. We present here the homomorphism induced by Wang’s map on the fundamental
group, and we analyze the homomorphism to find the Nielsen periodic point numbers. The
period of this map is 12, which, according to the results of Wang in [18], is the maximum
possible period for a non-minLef map on F2. We note also that in Example 1 the Reide-
meister class that represents E12 has more than one essential root. The class of reducible
minLef maps that we exhibit in Example 2, Section 6, consists of maps of period 2 on Fg
for any g > 1. Example 3, in Section 6, is a map defined by Yang in [19]. It is a combination
of reflections, rotations, and Dehn twists on F4. The definition of this map makes it clear
that this map has order 6 and that fix(f k) = ∅ for all k < 6. Thus the map is an irreducible
minLef map, and its period is maximal for a minLef map by Theorem 1.7. Although al-
gebraic techniques are not necessary for Example 3, we use the computational power of
Magma [1] to study in Section 6.1 an algebraic formulation of the homomorphism induced
by the map used in this example. We perform some painful algebraic contortions to see
that the induced homomorphism is quite complicated.
The paper is organized as follows. Section 2 contains the background information on
techniques that we use, and we present our example of a non-minLef map, and use it to
demonstrate our techniques. In Section 3 we recall the powerful geometric results of Jiang
and Guo from [15] for periodic maps on surfaces. These results allow us to count essential
algebraic classes in a predictable way for f n when n < m. We use this to prove Theo-
rem 1.5 in this section. In Section 4 we analyze the algebraic class [W ]m that represents
the Euler class Em, and we prove Theorem 1.1. We analyze minLef maps in Section 5,
proving Theorems 1.3 and 1.7. In Section 6 we study Examples 2 and 3, the examples of
minLef maps. Finally, in Section 7 we draw conclusions and consider directions for future
work.
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2.1. Induced homomorphisms
Given a map f :Fg → Fg , we must define carefully the induced self-homomorphisms
on the fundamental group f :π1(Fg, x0) → π1(Fg, x0) and its iterates f n for each n. This
is especially important for us because we often do not have a fixed point to use as a base
point. Given a base point x0 we choose a base path ω from x0 to f (x0). Choosing the
base path ω is equivalent to choosing a lift f˜ of f to the universal cover in the covering
space approach to Nielsen fixed point theory. The lift is determined by choosing x˜0 in the
preimage of x0, defining ω˜ to be the unique lift of ω beginning at x˜0 and defining f˜ (x˜0)
to be ω˜(1). See the background material in [8]. For α a loop at x0, the homomorphism f
sends the loop class of α to the loop class of ω ∗ f ◦ α ∗ω−1.
The base path for f n is the path from x0 to f n(x0) given by ω(n) = ω ∗ (f ◦ω) ∗ · · · ∗
(f n−1 ◦ω). The lift f˜ n defined as above, with f˜ n(x˜0) = ω˜(n)(1), equals the iterate (f˜ )n.
Furthermore, by uniqueness of path lifting, we do have ω˜(n) = ω˜ ∗ (f˜ ◦ ω˜) ∗ · · · ∗ (f˜ n−1 ◦
ω˜). The homomorphism f n sends the loop class of α to the loop class of n(ω) ∗ f ◦ α ∗
n(ω)−1.
For f a periodic map of period m, m(ω) is a loop. Thus, even though f m = idFg , f m
is not necessarily the identity homomorphism but is instead the inner automorphism that is
conjugation by the loop class of m(ω), which we call W . We will prove in Section 4 that
[W ]m is the Reidemeister class that represents the Euler class Em.
2.2. Background in Nielsen periodic point theory
We assume that the reader is familiar with the standard geometry of Nielsen classes.
For details see [2,14]. We focus instead on the algebraic theory for the iterates f n. A more
thorough overview is provided in [8,7]. A Nielsen class of fixed points of f n is represented
by an equivalence class (a Reidemeister class) of elements of π1(Fg). We note that for
α,β ∈ π1(Fg) two Reidemeister classes for f n, [α]n and [β]n, are equal if and only if there
is a γ ∈ π1(Fg) for which β = (f#)n(γ )αγ−1. The function that assigns to a Nielsen class
〈x〉 for f n the corresponding Reidemeister class [α]n is denoted by τn. See [12,13]. The
Reidemeister class adopts the index of the Nielsen class that it represents so that we can
discuss essential and inessential Reidemeister classes. A Reidemeister class that represents
no Nielsen class is also called inessential (or sometimes is called empty).
The indices of the Reidemeister classes are incorporated into the algebraic formulation
of the theory in the Reidemeister trace (also called the generalized Lefschetz number).
Details are available in the expository paper [7]. The Reidemeister trace of a map f n,
denoted by RT (f n, f˜ n) is an element of the free Z-module generated by R(f n ) defined
as follows. We may assume that the lift f˜ n is a cellular map that induces a Zπ1(Fg)-module
homomorphism in each dimension f˜ nq :Cq(F˜g;Z) → Cq(F˜g;Z). The Reidemeister trace
is an alternating sum of traces given by
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(
f n, f˜ n
)= ρn( dimX∑
i=0
trace f˜ nq
)
=
∑
α∈T
λ
([α]n) · [α]n,
where λ([α]n), is the index of [α]n and where T is a transversal containing one represen-
tative for each Reidemeister class. The proof of the second equality is discussed in [7].
The challenge is to put the Reidemeister trace into the form on the right by recognizing
Reidemeister equivalences and combining like terms. Once that is accomplished, N(f n)
is the number of terms with non-zero coefficient, and L(f n) is the sum of the coefficients.
When i|k we have that fix(f i) ⊆ fix(f k) and for x ∈ fix(f i), the Nielsen class of x for
f i is contained in the Nielsen class of x for f k . This simple geometry is reflected in the
algebra of Reidemeister classes using the change of level functions ιi,k given by
β = ιi,k(α) = (f#)k−i (α)(f#)k−2i (α) · · · (f#)i(α)α.
We say that [α]i boosts to [β]k .
We have the following commutative diagram (see [12]) of well defined functions, where
R(f i ) is the collection of Reidemeister classes for f
i
 .
Nielsen classes of f i τi R(f i )
ιi,k
Nielsen classes of f k τk R(f k )
The function on the left sends the Nielsen class of f i that contains a point x to the Nielsen
class for f k that contains x. We say that the class [β]k is irreducible provided that no
element of [β]k lies in the image of ιi,k for any i dividing k.
The orbit of a class [α]k is 〈[α]k〉 = {[α]k, [f#(α)]k, . . . , [f k−1# (α)]k}. The classes in an
orbit are either all essential or all inessential. Similarly, the classes in an orbit are either
all reducible or all irreducible, and they all reduce to the same level. The depth of an orbit
〈[α]k〉 is the smallest i for which 〈[α]k〉 is in the image of ιi,k . The Reidemeister classes in
the orbit need not be distinct, so we say that the length of 〈[α]k〉 is the number of classes
in the orbit. Note that this algebraic length can be less than the number of points in the
geometric orbit. Thus in general we use the length of an algebraic orbit to approximate the
size of a geometric orbit. For periodic maps on surfaces, the approximation is often, but
not always, exact.
Finally, we can state that NPn(f ) is defined to be n times the number of irreducible
essential orbits of f n. The intuition is that the existence of a periodic point of minimal
period n implies the existence of n such points even though these may not all lie in distinct
Nielsen classes.
In order to define NΦn(f ) we must first describe a method for accounting for fixed
points at the smallest level for which they occur. As in [13], we say that a set of algebraic
orbits for various iterates of f is a set S of n-representatives for f if for every k|n, and for
every essential algebraic orbit [α]k , there is an orbit in S to which [α]k reduces. The height
of a set S of n-representatives for f is the sum of the depths of the orbits in S. Finally,
NΦn(f ) is defined to be the minimal height over all sets of n-representatives for f .
1406 E.L. Hart, E.C. Keppelmann / Topology and its Applications 153 (2006) 1399–1420Table 1
x f#(x) f 2# (x) f
3
# (x) f
4
# (x) f
5
# (x) f
6
# (x) f
12
# (x)
a1 b2 B1 A2 A1B1 B2A2 b1A1B1 Wa1W−1
b1 a2 b1a1 a2b2 b1a1B1 a2b2A2 b1a1B1A1B1 Wb1W−1
a2 b1a1 a2b2 b1a1B1 a2b2A2 b1a1B1A1B1 a2b2A2B2A2 Wa2W−1
b2 B1 A2 A1B1 B2A2 b1A1B1 a2B2A2 Wb2W−1
To illustrate the above overview, we use the following example of one branch of the
trichotomy for periodic maps on Fg .
2.3. Example 1: a non-minLef map of maximal period
This example is an algebraic formulation of a map defined by Wang in [17]. Wang’s
map, defined as a combination of rotations and reflections, has period 12, which is the
largest possible for F2 (see [18]). For more details on the Fox calculus and other tech-
niques that we use, see [5,4,7]. As discussed in the introduction, for this homomorphism
the algebraic Reidemeister class that represents the Euler class has more than one essential
root.
Example 1. Recall that π1(F2) = 〈a1, b1, a2, b2 | a1b1A1B1a2b2A2B2〉, where the relator
is R = a1b1A1B1a2b2A2B2 and upper case letters are inverses. Suppose that f :F2 → F2
is a self map whose induced map on homotopy and its iterates are specified in Table 1, with
f defined in the second column and the iterates worked out in the following columns. In
Section 4 we prove that the conjugating word for f 12 is equal to W . Using this fact, we
calculate W in the next paragraph.
To determine the images for f 12, we evaluate (f 6)2. For example,
f 12# (a1) = f 6# (b1A1B1) = b1a1B1A1B1 · b1a1B1 · b1a1b1A1B1
= (b1a1B1)a1(b1A1B1) = (b1a1B1A1)a1(a1b1A1B1).
Similarly,
f 12# (b1) = (b1a1B1A1)b1(a1b1A1B1),
f 12# (a2) = (a2b2A2B2)a2(b2a2B2A2), and
f 12# (b2) = (a2b2A2B2)b2(b2a2B2A2).
Note that W = a2b2A2B2 = b1a1B1A1.
To determine Reidemeister classes for each iterate of f , we find the Reidemeister traces
RT(f n, f˜ n) using the partial algorithm provided in [5,4]. A principal tool is the Fox calcu-
lus. For a a generator of π1(Fg), the Fox derivative of a word u with respect to a is denoted
by ∂u
∂a
. First, Fadell and Husseini proved that
RT
(
f n, f˜ n
)= ρn(1 −( 2g∑ ∂f(ai)
∂ai
)
+Qn
)
,i=1
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In [4] an algorithm for finding Qn is given. In the free group generated by ai for i =
1, . . . ,2g we can write f n (R) =
∏
j yjR
j y−1j , where R is the relator of the fundamental
group, for some yj in the free group with j = ±1. Then the algorithm tells us that Qn =∑
j j yj projected into Zπ1(Fg). In this example we have that f n (R) = R(−1)
n
and thus
Qn = (−1)n.
This new trace is an element of the free Z-module over the set of Reidemeister classes,
and the coefficient of each term is the index of the class represented by that term. Then
N(f n) is the number of terms in RT(f n, f˜ n) with non-zero coefficient, and L(f n) is the
sum of the coefficients. In many cases, reducing the element of the group ring is quite
difficult. In this case, as we shall see shortly, the results by Jiang and Guo in [15] make the
calculations straightforward. See Section 3.
Because f has period 12, all fixed points of f n are fixed points of f 12. Thus we know
that when n  12 we have N(f n) = NPn(f ) = 0. Thus whenever n  12 we also have
RT(f n, f˜ n) = 0. For f , f 2, and f 3, after calculating as in [4], all terms in the Reide-
meister trace cancel and we have
RT
(
f, f˜
)= RT(f 2, f˜ 2)= RT(f 3, f˜ 3)= 0.
Thus
N(f ) = NP1(f ) = NP2(f ) = NP3(f ) = 0.
The results of Jiang and Guo in [15], discussed in our Section 3, imply that each of these
iterates is in fact fixed point free, a fact that we use when calculating the various NΦn(f ).
For f 4 we provide details of the calculation of the Reidemeister trace to illustrate tech-
niques from [4,5].
RT
(
f 4, f˜ 4
)= ρ4(1 −(∂f(a1)
∂a1
+ ∂f(b1)
∂b1
+ ∂f(a2)
∂a2
+ ∂f(b2)
∂b2
)
+Q4
)
= ρ4
(
1 − (−A1 + (1 − b1a1B1)+ (1 − a2b2A2)−B2)+Q4).
Because in the free group f 4 (R) = R, we have that Q4 = 1. Thus
RT
(
f 4, f˜ 4
)= ρ4(A1 + b1a1B1 + a2b2A2 +B2).
The results of Jiang and Guo in [15] state that for an orientation preserving map all
essential Nielsen classes are singletons and have index 1. This means that when ρ4 is
applied, the four resulting Reidemeister classes are distinct and that each Reidemeister
class represents a Nielsen class of exactly one point. Therefore, the Reidemeister trace is
already in reduced form:
RT
(
f 4, f˜ 4
)= [A1]4 + [b1a1B1]4 + [a2b2A2]4 + [B2]4.
Thus N(f 4) = 4 and |fix(f 4)| = 4. To determine the algebraic orbit structure we first
note, by the same reasoning as above, that fix(f ) = fix(f 2) = ∅. Thus the four points in
fix(f 4) are not fixed points of a lower iterate and thus must form a geometric orbit of
length 4. Because each essential Reidemeister class represents exactly one of the fixed
points, the four essential Reidemeister classes form an orbit of length 4.
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fact that [α]n = [f n (α)]n, for any α in the fundamental group. Then we have that[
f(A1)
]4 = [B2]4,[
f 2 (A1)
]4 = [b1]4 = [f 4 (b1)]4 = [b1a1B1]4, and[
f 3 (A1)
]4 = [a2]4 = [f 4 (b1)]4 = [a2b2A2]4.
We do still need the earlier discussion in order to conclude that the four algebraic classes
are distinct.
For f 6, similar calculations give us that the reduced form of the Reidemeister trace is
RT
(
f 6, f˜ 6
)= [b1A1]6 + [b1a1B1]6 + [b1a1B1A1B1]6
+ [a2b2A2]6 + [a2b2A2B2A2]6 + [a2B2]6.
To see that these classes form one essential, irreducible orbit of length 6, we argue as
for f 4, noting that f , f 2, and f 3 are all fixed point free.
Finally, we recall that f 12 has exactly one essential Nielsen class, Em, with index equal
to χ(F2). In Section 4 we prove that τ12(Em) = [W ]12. Thus
RT
(
f 12, f˜ 12
)= χ(F2)[W ]12 = −2[W ]12.
We conclude that f 6 and f 4 each have exactly one irreducible essential orbit of Rei-
demeister classes. Thus NP6(f ) = 6 and NP4(f ) = 4, and for all n = 4,6 we have
NPn(f ) = 0. Because f 12 is geometrically the identity and hence has only one Nielsen
class, fix(f 4),fix(f 6) ⊆ fix(f 12). Thus [W ]12 reduces to each of the ten essential alge-
braic classes for f 4 and f 6. This implies that NP12(f ) = 0. There is only one essential
orbit at level 4, and it is irreducible. There are no essential orbits at levels that divide four.
Thus the essential orbit at level 4 is the only element in a minimal set of 4-representatives
for f . Thus NΦ4(f ) = 4. Similarly NΦ6(f ) = 6, and NΦk(f ) = 0 for all other k < 12.
For n = 12, a set of 12-representatives for f must contain reductions of the essential or-
bits at levels 4, 6, and 12. Note that [W ]12 reduces to all essential classes at lower levels
and, by Theorem 1.1, [W ]12 does not reduce to a level below 4. Hence a minimal set of
12-representatives for f is the set containing the essential orbits at levels 4 and 6, and thus
NΦ12(f ) = 4 + 6 = 10.
Remark 2.1. In the previous example the Reidemeister class [W ]12, which represents the
Euler class, reduces to level 4 and to level 6 but does not reduce to level 3. Thus f is an
example of a homeomorphism that is not essentially reducible to the GCD. This is contrary
to what is known about all maps on solvmanifolds, see [10], and what was conjectured
about homeomorphisms on surfaces in [8].
3. The geometry of periodic maps
The following three results will be extremely important in our work. The first two are
based on the Thurston classification of homeomorphisms on Fg , and they appear in [15].
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phism with order m > 1. Then each fixed point of f is isolated with index + 1, and each
geometric Nielsen class is a singleton. Thus each essential algebraic Reidemeister class
represents exactly one fixed point of f . The same result holds for f k when m  k, so for
these k we have that N(f k) = L(f k) = |fix(f k)|.
Proposition 3.2. (Jiang and Guo.) Suppose that f is orientation reversing of order m.
Then m is even, and fixed points of f occur only in inessential circles. On an annular
neighborhood of each circle of fixed points, f is a reflection. If k is odd (and thus f k is
orientation reversing), then N(f k) = L(f k) = 0.
Corollary 3.3. Suppose that f is a periodic map with period m and let n be such that
m  n. Then any essential Reidemeister class [α]n ( for f n) represents exactly one fixed
point of f n. If that fixed point has geometric minimal period r , then [α]n has depth r and
reduces to the essential, algebraically irreducible class [β]r ( for f r ) that represents the
same point. The only iterate of f that can have inessential fixed points is f m/2. Thus any
periodic map for which an iterate has inessential fixed points must have even period m.
Proof. By Propositions 3.1 and 3.2, a Nielsen class of any f n is essential iff it is a single-
ton Nielsen class iff it has index +1. Using the fact that geometric reductions when they
exist are reflected by the algebra, we have that when x is an essential fixed point of f n,
and when the essential Nielsen class {x}n of f n has minimal period r , then the essential
algebraic class [α]n representing {x}n will reduce essentially to the [β]r that represents
the essential Nielsen class {x}r of f r . It remains then to show that [β]r has no inessen-
tial algebraic reductions below level r . However, the fact that {x}r has minimal period r
means, from Proposition 3.1, that the orbit 〈[β]r 〉 consists of the r distinct essential alge-
braic classes corresponding to the points x,f (x), f 2(x), . . . , f r−1(x). Thus the length of
〈[β]r 〉 is r . Because the length of an algebraic orbit divides its depth, we know that 〈[β]r 〉
is irreducible. Similarly, the length of 〈[α]n〉 is r , and 〈[α]n〉 reduces to level r . Thus its
depth is r .
Inessential fixed points of f k for some k can occur only for orientation reversing maps
by Proposition 3.2. Thus for a map with inessential fixed points, m is even. Furthermore,
these fixed points occur only in circles. On an annular neighborhood of such a circle,
f k is a reflection of order 2. Thus f 2k has an annulus of fixed points. This contradicts
Propositions 3.1 and 3.2 unless f 2k = idFg . Hence k = m2 . 
Next we prove Theorem 1.5, using the above results.
Proof of Theorem 1.5. Because the Euler class reduces essentially for a non minLef map,
we have no irreducible essential orbits at level m. Thus NPm(f ) = 0.
For n  m, in order to calculate NΦn(f ), we must find a minimal set of n-
representatives for f . By Corollary 3.3, for k|n each essential algebraic orbit of f k has
its length equal to its depth and reduces to an essential algebraic orbit at the level of its
depth. Thus a minimal set of n-representatives for f is
Sn =
{〈[β]k 〉: k|n and 〈[β]k 〉 is an irreducible essential orbit for f k}.
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tial orbits for f k with k|n. Because length is equal to depth for these orbits, we have that
NPk(f ) = k|IEOk|, which in turn is equal to the number of irreducible, essential Rei-
demeister classes for f k . By definition NΦn(f ) is equal to the height of Sn, which is∑
k|n k|IEOk| =
∑
k|n NPk(f ).
To prove the third part of the theorem, we note that for f a periodic map of period m on
Fg with g > 1, by Propositions 3.1 and 3.2 we have that N(f n) = L(f n) for any n < m.
Next we must prove that these are equal to NΦn(f ). Each orbit 〈[β]k〉 in Sn represents
exactly k essential fixed points of f n, where k is the depth of the orbit. In addition, each
essential fixed point of f n is represented by a class in one of the orbits contained in Sn.
Because NΦn(f ) is equal to the height of Sn, which is equal to the number of essential
fixed points of f n, we have that N(f n) = NΦn(f ).
Using Möbius inversion as in [12], we have that
Nφn(f ) =
∑
k|n
NPk(f ) ⇐⇒ NPn(f ) =
∑
∅=τ⊆p(n)
(−1)|τ |NΦn:τ (f ). 
4. The algebra and geometry of the Euler class
Let f# :π1(Fg, x0) → π1(Fg, x0) be the homomorphism induced by f , where f is a
periodic map of order m. Recall that (f#)m need not be the identity homomorphism even
though f m is the identity map. This follows from the definition of f, which is as fol-
lows. Let ω be a path from x0 to f (x0). Then for all α ∈ π1(Fg) we have that (f#)m(α) =
WαW−1, where W = ω∗(f ◦ω)∗(f 2 ◦ω)∗· · ·∗(f m−1 ◦ω). We know that f m has exactly
one essential Nielsen class, the Euler class Em, because N(fm) = N(idFg ) = χ(Fg) =
2 − 2g = 0. In the next lemma we prove that [W ]m is the Reidemeister class that repre-
sents Em.
Lemma 4.1. Let f :Fg → Fg be a periodic map of order m. Then f m is equal to conju-
gation by some element W in the fundamental group. The Euler class Em is represented
algebraically by [W ]m ∈ R(f m ). Thus we have that the Reidemeister trace for f m is given
by
RT
(
f m, f˜ m
)= (2 − 2g)[W ]m.
Proof. In Example 2.3, we introduced RT(f m, f˜ m). We continue here using the notation
and techniques from [5,4].
Because the geometric map f m = idFg has exactly one essential geometric Nielsen
class it must also have exactly one essential algebraic class. The index of this class must be
L(idFg ) = χ(Fg) = 2 − 2g. Thus RT(f m, f˜ m) = (2 − 2g)[γ ]m for some γ ∈ π . We will
prove that [γ ]m = [W ]m.
First note that for all α ∈ π1(Fg, x0) we have f m# (α)Wα−1 = WαW−1Wα−1 = W .
Thus [W ]m is the singleton {W }.
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the Fox calculus gives us
RT
(
f m, f˜ m
)= ρm(1 − 2g∑
i=1
∂
∂ai
(f#)
m(ai)+Qm
)
.
From [4, Theorem 3.1, p. 3250], because (f#)m(R) = WRW−1 we have that [Qm]m =
[W ]m. We perform the following calculation and note that the final equality follows from
the fact that each term that occurs in WaiW−1 ∂∂ai W = (f#)m(ai) ∂∂ai W is Reidemeister
equivalent to the corresponding term in the derivative ( ∂
∂ai
W)ai using the action of ai on
( ∂
∂ai
W)ai . We have that
RT
(
f m, f˜ m
)= ρm(W + 1 − 2g∑
i=1
∂
∂ai
(
WaiW
−1))
= ρm
(
W + 1 −
2g∑
i=1
(
∂
∂ai
W +W ∂
∂ai
(
aiW
−1)))
= ρm
(
W + 1 −
2g∑
i=1
(
∂
∂ai
W +W
(
1 + ai ∂
∂ai
(
W−1
))))
= ρm
(
W + 1 −
2g∑
i=1
(
∂
∂ai
W +W
(
1 − aiW−1 ∂
∂ai
W
)))
= ρm
(
(1 − 2g)W + 1 −
2g∑
i=1
∂
∂ai
W +
2g∑
i=1
WaiW
−1 ∂
∂ai
W
)
= ρm
(
(1 − 2g)W + 1 −
2g∑
i=1
∂
∂ai
W +
2g∑
i=1
(
∂
∂ai
W
)
ai
)
.
Because [W ]m is a singleton, we need only prove that the coefficient of W is 2 − 2g
because we know that all other terms cancel.
The definition of the Fox Calculus implies that for any u in the fundamental group we
have that ∂
∂ai
u is a sum of initial substring of u with coefficients plus or minus one. We use
the fact that each term in each ∂
∂ai
W is an initial substring of W to prove below that the net
coefficient of W in −∑2gi=1 ∂∂ai W +∑2gi=1( ∂∂ai W)ai is +1.
Case 1: The word W ends in a−1j for some j . Then W occurs exactly once as a
term in −∑2gi=1 ∂∂ai W (when i = j ) and has coefficient +1, and W does not occur in∑2g
i=1(
∂
∂ai
W)ai .
Case 2: The word W ends in aj for some j . Then W occurs exactly once as a
term in
∑2g
i=1(
∂
∂ai
W)ai (when i = j ) and has coefficient +1. And W does not occur in∑2g ∂ W .i=1 ∂ai
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additional terms must cancel. 
We caution the reader that, because ω need not be a loop, the formula for W before
Lemma 4.1 does not imply that the Euler class is reducible.
As stated in the introduction, the following theorem establishes the crucial connection
between the reducibility of Em and that of [W ]m.
Theorem 1.1. For g > 1, let f :Fg → Fg be a periodic map of period m. Then Em reduces
if and only if the corresponding Reidemeister class [W ]m reduces. If Em reduces, then
NPm(f ) = 0. Otherwise, NPm(f ) = m.
Proof. If Em reduces, then [W ]m reduces as well, just as always. If Em is irreducible, then
fix(f n) = ∅ for all n|m. This means that f induces a free action on Fg . We must prove
that the [W ]m is irreducible, which means that we must prove that there exist no n|m and
δ ∈ π1(Fg) with ιn,m(δ) = W .
We generalize a construction of Wang in [18] as follows. Let Y be the orbit space formed
by the free periodic action of f on Fg . Then Fg is an m-fold cover of Y , and Y is a surface.
See the results of Riemann–Hurwitz in [6].
Because the covering space is regular, we can view π1(Fg) as a normal subgroup of
π1(Y ). The map f is a deck transformation in the covering group Zm. Let μ be the
projection into Y of the base path ω. Note that ω(n) is not a loop for n < m but is
a loop for n = m. For any n, the projection of ω(n) = ω ∗ (f ◦ ω) ∗ · · · ∗ (f n−1 ◦ ω)
is the loop μn in π1(Y ). The loop μn is not in the subgroup π1(Fg) unless m|n. The
map f induces the homomorphism φ :π1(Y ) → π1(Y ) given by conjugation by μ. Be-
cause π1(Fg) is a normal subgroup of π1(Y ), the homomorphism φn, which is conjuga-
tion by μn, induces an outer automorphism on π1(Fg). Because W is the loop class of
ω ∗ (f ◦ ω) ∗ · · · ∗ (f m−1 ◦ ω), and f is a covering transformation, the projection of W is
μm ∈ π1(Fg)  π1(Y ).
If W reduces to some level n, that is if W is in the image of ιn,m :π1(Fg) → π1(Fg),
then the projection of the formula for ιn,m gives us, for some δ ∈ π1(Fg), the following
equation in π1(Fg) (which can be considered to be a reduction in terms of φ):(
μm−nδμn−m
)(
μm−2nδμ2n−m
) · · · (μnδμ−n)δ = W = μm. (1)
But this becomes(
μ−nδ
)(
μ−nδ
) · · · (μ−nδ)= (μ−nδ)m/n = 1. (2)
Because Y is a surface, π1(Y ) contains no non-trivial element of finite order. Thus
μ−nδ = 1, and μn ∈ π1(Fg). This forces n to be a multiple of m. But we know that n <m,
so there can be no such solution δ, and W is irreducible.
We have proven that Em is reducible if and only if [W ]m is reducible. Thus when Em re-
duces, we have no irreducible Reidemeister classes at level m and NPm(f ) = 0. Otherwise,
[W ]m is an irreducible Reidemeister class, and NPm(f ) = m · 1 = m. 
Remark 4.2. Suppose that X is a space where Lefschetz numbers can be defined. Sup-
pose also that f :X → X is a periodic self map of order m with the property that
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action of a finite group. If π1(Y ) has no non-trivial elements of finite order, then the proof
of Theorem 1.1 shows that the one non-empty Reidemeister class of f m is irreducible.
This class will be essential iff χ(X) = 0. An open question remains: How does one pro-
duce minLef maps on such spaces?
5. The trichotomy and results for minLef maps
Geometrically (and hence also algebraically) it is clear that the Euler class will reduce
when some f n for n <m has fixed points. A necessary condition then for the irreducibility
of the Euler class is that L(f n) = 0 for all n|m with n <m. Such maps will be called min-
Lef (for “minimum Lefschetz numbers”) maps. MinLef maps are termed either reducible
or irreducible depending on the reducibility of the Euler class.
We now prove Theorem 1.3, which concerns the trichotomy of periodic maps on Fg
and the values of the Nielsen periodic point numbers in each case. For calculations of the
Nielsen periodic numbers for non-minLef maps, see Theorem 1.5.
Proof of Theorem 1.3. It is clear from the definitions that any periodic map on Fg must
be either reducible minLef, irreducible minLef, or non-minLef. We now analyze each of
the three possibilities in more detail.
Firstly, for a reducible minLef map there must be inessential fixed point classes for some
iterate f n such that n|m and n <m because there are no essential fixed point classes for f n
with n < m. By Corollary 3.3, these inessential classes can occur only at level n = m/2.
The fixed points at level m/2 are irreducible, and Em reduces to each one of them.
All this is also true algebraically by Theorem 1.1, so [W ]m reduces to an inessen-
tial irreducible Reidemeister class at level m/2. This means that a minimum set of m-
representatives for f is a single irreducible, inessential orbit at level m/2. Thus NΦm(f ) =
m/2 and NPm(f ) = 0. Because f is an orientation reversing minLef map, Proposition 3.2
guarantees that we have N(f n) = L(f n) = 0 for all n <m.
Secondly, for an irreducible minLef map we must have fix(f n) = ∅ for all n < m be-
cause Em reduces to every fixed point for each lower iterate of f . Thus N(f n) = L(f n) =
NPn(f ) = NΦn(f ) = 0 for all n < m. We know by Theorem 1.1 that [W ]m is irreducible,
so NPm(f ) = NΦm(f ) = m.
Thirdly and finally, for a non-minLef map we know that L(f n) = 0 for some n < m,
and thus Em reduces to all of the fixed point classes at level n. 
Our next result exhibits constraints on the possible periods for minLef maps. See the
discussion in the introduction (Remark 1.6 and what follows) for a comparison with the
work of Wang from [17,18].
Theorem 1.7. The period of a minLef map f :Fg → Fg (with g > 1) must divide 2g − 2.
Also, if f is a reducible minLef map, then its order must be even.
1414 E.L. Hart, E.C. Keppelmann / Topology and its Applications 153 (2006) 1399–1420Proof of Theorem 1.7. First we note that in Theorem 1.3 we proved that the period of a
reducible minLef map must be even.
To prove that the period of a minLef map must divide 2g − 2, we follow the techniques
used in [3]. Let f n1∗ be the homomorphism induced by f n on H1(Fg,Z). Then in homology,
L(f n) = 1− trace(f n1∗)+dn, where d = 1 (d = −1) if the map f is orientation preserving
(reversing).
We have H1(Fg;Z) ∼= Z2g , so let us suppose that f1∗ has eigenvalues λ1, . . . , λ2g . In
what follows, for any j , let pj = trace(f j1∗) =
∑2g
i=1 λ
j
i . Then L(f
j ) is 2 − pj when
f j is orientation preserving and −pj otherwise. For 1  k  2g, let sk be defined as in
Ψf (x) = det(xI2g − f1∗) = x2g + s1x2g−1 + · · · + s2g−1x + s2g .
Because Ψf (x) =∏2gi=1(x−λi), the coefficient sk is (−1)k times the sum of all products
from the set {λi}2gi=1 taken k at a time without repeats. The collections {sk}2gk=1 and {pj }mj=1
are intimately related. In fact, this relationship is described by the following Newtonian
equations (see [3]):
p1 + s1 = 0,
p2 + s1p1 + 2s2 = 0,
...
pk + s1pk−1 + s2pk−2 + · · · + sk−1p1 + ksk = 0 for 1 k  2g,
so that
sk = −1
k
(
pk +
k−1∑
=1
spk−
)
.
We note that pm = trace(f m1∗) = trace(I2g) = 2g. Armed with these facts, we break the
proof into two cases depending on the orientability of f .
If f is orientation preserving, then L(f j ) = 0 implies that pj = 2 for all j < m and
that pm = 2g. If m = 1 or 2, then m|(2g − 2) and we are done. For m 3, we see easily
that s1 = −2 and s2 = 1. For 3 k < m, the formula above for sk shows that sk = 0. The
same formula gives sm = −(2g − 2)/m, which must be in Z because the matrix for f1∗
has integer entries.
If f is orientation reversing, the Lefschetz formulas give pj = 2 for even j < m and
pj = 0 for odd j < m. For m = 2, as before, m|(2g − 2). For m  3, the formula for sk
gives easily s1 = 0 and s2 = −1. Once again, we will prove that sk = 0 when 3 k < m.
An inductive argument shows that sk = −1k (pk − pk−2). From this if follows that sk = 0
because for k odd we have pk = pk−2 = 0 and for k even we have pk = pk−2 = 2. Because
f is orientation reversing, m must be even. Therefore, sm = −1m (2g − 2), which must be an
integer as before. 
6. Examples of minLef maps
For Examples 2 and 3, presented in this section, we find the Nielsen periodic point num-
bers simply by considering the geometric definitions of the maps and using Theorem 1.3.
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duced by our irreducible minLef map on F4 of Example 3. The amazing complexity of the
algebraic calculations illustrates the importance of the choice of generators when working
with the often tricky fundamental groups of surfaces with negative Euler characteristic.
Example 2 (A class of reducible minLef maps). Let Ci for i = 1, . . . , g + 1 be the curves
on Fg as given in Fig. 1. Let f be the map that reflects Fg across the plane that contains
the curves Ci . Then f has period 2, and fix(f ) is the union of the circles Ci . We can
choose the base point to be a fixed point of f , and this gives us [W ]2 = [1]2 reducing
to [1]1. By Propositions 3.1 and 3.2 we know that all the Nielsen classes of fixed points
of f are inessential. Thus f is a reducible minLef map. We conclude, using Theorem 1.3,
that N(f ) = NP1(f ) = NP2(f ) = NΦ1(f ) = 0 and that N(f 2) = NΦ2(f ) = 1.
Example 3 (Yang’s irreducible minLef map of maximal period). In [19], Yang defines the
map f on F4 described below as one of a class of maps in her study of free degrees.
The map has period 2g − 2 = 6 and has fix(f n) = ∅ for n < 6. Thus, by Theorem 1.7,
f is an irreducible minLef map of maximal period. The Nielsen numbers for f are, using
Theorem 1.3, N(f n) = NPn(f ) = NΦn(f ) = 0 for n < 6, N(f 6) = 1, and NP6(f ) =
NΦ6(f ) = 6.
Let F4 be as in Fig. 2, centered at the origin, with the xy plane being the plane of
symmetry of F4 and the z axis passing through the center hole perpendicular to the plane
of symmetry. Then F4 is invariant under rotation by 2π3 radians about the z axis and under
reflection through the xy plane.
Consider the three pieces of F4 that are homeomorphic to the picture on the left in
Fig. 3. Each of these pieces is homeomorphic to the space P on the right in Fig. 3. Let τ be
the map that reflects each piece through the plane that contains the circle ci in P of Fig. 3.
Let N(ci) be a τ -invariant tubular neighborhood of ci and define a homeomorphism
ϕ :N(ci) →
{
z ∈ C: |z| = 1}× [−1,1]
such that ϕ({z ∈ C: |z| = 1} × {0}) = ci . Using this homeomorphism, we identify N(ci)
with the space ϕ(N(ci)), and we choose ϕ so that τ |N(ci )(z, t) = (z,−t). Next we define
a Dehn twist on N(ci) by D((z, t)) = (eπi(1−t)z, t). We extend D to be the identity on
P \N(ci). Let h1 = D ◦ τ :P → P . Then h1 is a homeomorphism of period 2 and is fixed
point free. Next we redefine h1 :F4 → F4 to be the same map defined on each piece that is
homeomorphic to P .
Fig. 1.
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Let h2 :F4 → F4 be the homeomorphism that is rotation about the z axis by 2π3 radians.
Then h1 and h2 commute, and we define f = h1h2. We have fix(f n) = ∅ for n < 6 and
f 6 = idF4 . Thus f is an irreducible minLef map with period 2g − 2 = 6.
6.1. An algebraic analysis of Example 3
Yang found the map above after Wang in [18] proved that such a map must exist as a
covering transformation for the 6-fold covering map p :F4 → Y = RP2 # RP2 # RP2. Wang
proved that there is a covering transformation of period 6 that must have each iterate below
the sixth being fixed point free. Yang then exhibited the covering transformation that we
described above.
Here we give an algebraic formulation of the method used in [18], even though this is
unnecessary for finding the Nielsen periodic point numbers for Example 3. Wang’s method
E.L. Hart, E.C. Keppelmann / Topology and its Applications 153 (2006) 1399–1420 1417involves making F4 a finite cover of Y and then producing the desired minLef map as one
of the deck transformations of maximum order. We relied extensively on the computational
power of Magma [1] to obtain these formulas, which in theory (but perhaps not in practice)
could be reproduced from Wang’s methods with any even g.
We have π1(Y ) = 〈a, b, c | abABc2 = 1〉 (where capitals denote inverses), and we de-
fine ϕ :π1(Y ) → Z6 by the rules ϕ(a) = ϕ(b) = 2 and ϕ(c) = 3. This is indeed well defined
because ϕ(abABc2) = 2 + 2 − 2 − 2 + 2(3) ≡ 0 (mod 6). Magma confirmed a result of
Harvey [9] that says that Ker(ϕ) is the fundamental group of F4. Specifically, Magma told
us that the following words in the generators of π1(Y ) generate Ker(ϕ):
x1 = c2, x2 = aba, x3 = a3, x4 = (acA)2,
x5 = aca2C, x6 = cAbC, x7 = aCAc, x8 = cbCA,
with the single relation S = X7X2X3x2X1X4x3x7X5X8X6x8x4x5x6x1 = 1. (That is, any
word α in the generators of π1(Y ) can be written in terms of {xi,Xi | i = 1, . . . ,8} iff
ϕ(α) = 0, and such an α will reduce to 1 under the relator R of π1(Y ) iff the expression of
α in the x’s reduces to 1 using the relator S.)
To prove that the group presented by the xi with relator S is indeed isomorphic to
π1(F4) = 〈a1, b1, a2, b2, a3, b3, a4, b4 | a1b1A1B1a2b2A2B2a3b3A3B3a4b4A4B4〉,
we specify in Table 2 an isomorphism Ψ and its inverse.
Now to specify our minLef map as a covering transformation of maximal order 6 (com-
pare to Theorem 1.7 with g = 4), we notice this can be accomplished through conjugation
by α = ac ∈ π1(Y ). Conjugation by α will indeed have order 6 because ϕ(α) = 5 is a
generator of Z6. The trick here is to express the conjugate of each Xi by the element
ac /∈ Ker(ϕ) in terms of the Xi . Magma [1] proved extremely useful in finding the correct
formulation, which is provided in Table 3.
Our minLef map f can now be specified algebraically by
f#(α) = Ψ−1
(
acΨ (α)CA
)
.
Now we do not attempt to present the full expanded formulas for the f# here. To give
the reader a sense of why this is too immense a task, we show in Table 4 the lengths of the
outputs of the generators as calculated by Magma.
Table 2
α Ψ (α) β Ψ−1(β)
a1 X3X8x3 x1 b4a4B4A4A3
b1 X4x3 x2 a1b1A1B1B2a3b3A3
a2 Ψ (b1a1B1A1)x7x4 x3 a3B3A3b2a2B2b1
b2 X4X2x7x4 x4 a3B3A3b2a2B2
a4 X7x6 x5 b4B3a4b4A4B4
b4 x5x7 x6 b4a4B4A4b3a4
a3 X1Ψ (b4a4B4A4) x7 b4a4B4A4b3
b3 Ψ (a4b4A4B4)x7 x8 a3B3A3b2a2B2b1A1B1b2A2B2a3b3A3
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xi acxiCA
x1 x2x4X1x6x5
x2 x7x5
x3 x6X7
x4 X5x3x2X1x5x6X7
x5 x1X4x3X4x8X7
x6 x7X8x4X3x4x2x4X1
x7 x7X8x4X3x2x4X1
x8 X5x3x2X1x2x4X1
Table 4
a1 b1 a2 b2 a3 b3 a4 b4 Number of terms in
unreduced RT(f n, f˜ n)
|f#(·)| 37 28 101 51 41 52 28 22 38
|(f#)2(·)| 34 37 69 48 55 64 49 33 44
|(f#)3(·)| 48 43 85 64 56 67 51 46 55
|(f#)4(·)| 50 58 106 69 64 75 62 51 54
|(f#)5(·)| 74 65 115 89 76 74 57 50 60
|(f#)6(·)| 59 59 59 59 59 59 59 57 44
Short of reducing every Reidemeister trace produced above (which may not be com-
pletely possible), to check that f# is indeed minLef of period 6 we have done the following
using Magma:
(1) Add the indices of all algebraic classes for each f n to show that L(f ) = L(f 2) =
L(f 3) = L(f 4) = L(f 5) = 0 and L(f 6) = 2 − 2(4) = −6.
(2) Observe that the numbers above for (f#)6 do agree with the fact that it is a conjugation.
In fact, we can say that the Euler class (although possibly unreduced in π1(F4)) has
length 12 (59 − 1) = 29 and it ends in either b4 or B4.
It is certainly surprising and a bit baffling that Example 3 is so algebraically compli-
cated. This is probably in large part due to the isomorphism we have chosen between the
two versions of π1(F4). Although it is not clear how we could have chosen a simpler iso-
morphism, it is true that we could have done the Reidemeister trace calculations directly
in Magma’s version of π1(F4), where it appears from a cursory glance that the number of
terms would have been far fewer.
Because Example 3 comes from a free action on F4, it is clear that fix(f i) are empty for
i = 1, . . . ,5. From the result of Section 3, this is enough to show that f is an irreducible
minLef map.
7. Conclusion
It is the geometry of the fixed point sets for periodic maps on the Fg (see Corollary 3.3
and [15]) that has made our work here possible. Without the knowledge that fixed points
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for a deeper consideration of the relationships among the periodic Nielsen classes.
Another class of maps on surfaces with a Nielsen theory that is similar to the theory
for periodic maps is the Thurston class of pseudo-Anosov surface diffeomorphisms. These
maps have the property that any fixed point of any iterate belongs to an essential singleton
Nielsen class. Obviously, this is not true for all iterates of a periodic map.
While much has been written about pseudo-Anosov maps, in the context of this paper
they are significantly simpler than periodic maps. For, unlike a pseudo-Anosov map, a pe-
riodic map of order m on Fg with g > 1 has the all important complications that arise from
the essential Euler class at level m. In a synthesis of algebra and geometry, the Euler class
includes all essential periodic classes when they are boosted to a level that is a multiple
of m.
We recall briefly some terminology. For f :X → X we let Pn(f ) denote the set of
periodic points of minimal period n. The map f is said to be periodic-Wecken at level
n 1 provided that there is a g  f for which NPn(f ) = |Pn(g)| and NΦn(f ) = |fix(gn)|.
A pseudo-Anosov map f is periodic-Wecken for all iterates using g = f . A challenging
open question is whether a periodic map of order m on a surface is periodic-Wecken at
level m (or level m/2 when that makes sense). To answer this question one must develop
careful geometric arguments to determine how f can be deformed so that either Pm(f ) is
empty or consists of a single orbit (depending on whether the Euler class reduces). Perhaps
a braid theory argument could be used to show that in some cases this is not possible. We
do know that surfaces are ordinary Wecken with respect to all diffeomorphisms (see [15]).
However, in the periodic setting we must use a deformation of the original map to study
the Wecken properties of an iterate.
In addition to these Wecken-type questions, the concept of the Euler class, and espe-
cially the existence of minLef maps, has given us some other surprising questions. We
close the paper by touching on two of these.
• In his paper [18], Wang produces periodic maps on Fg for odd g > 1. While these have
the maximum possible number of fixed point free iterates, as we have noted, they are
not minLef. This raises the following question. Are there examples of maximal period
irreducible minLef maps on such surfaces? As we have observed, this is equivalent to
the question of whether there is an appropriate group G and a surjective homomor-
phism θ :G → Z2g−2 so that Ker(θ) is isomorphic to π1(Fg).
• Are there reducible minLef maps of maximal period 2g − 2 for g > 2?
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